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In this paper we developed theory of the ferrimagnetism in the Hubbard model on bipartite lattices
with spectrum symmetry. We then study the defect-induced ferrimagnetic orders in three models
and explored the universal features.
The magnetic orders are important magnetic proper-
ties for two dimensional (2D) Hubbard model, to which
researchers also have payed much attention. At half fill-
ing case, the ground state is known to be the long-range
(LR) antiferromagnetic (AF) order. Nagaoka made a sur-
prising discovery about the induced ferromagnetic (FM)
by a single hole for infinite coupling limit U → ∞[1].
At heavily doping region a possible FM order may exist.
The starting point on the issue of ferrimagnetism of the
Hubbard model is a theorem by Lieb[2]. In this theo-
rem, it is pointed out that the total spin S of the ground
state for the Hubbard model on bipartite lattice with
particle-hole (PH) symmetry and real hopping parame-
ters is given by S = |NA−NB|/2 (we call it Lieb spin mo-
ment) where NA and NB are the numbers of lattice sites
on A and B sublattice, respectively. Then, in Ref.[3], it
is pointed out that the ground state of the 2D sublattice-
unbalanced Hubbard model on bipartite lattice with the
same conditions (PH symmetry and real hopping param-
eters) is really the ferrimagnetic (FR) order that pos-
sesses a finite total magnetic moment and the LR AF
order and obeys m(0) ≤ m(Q) (we call it Shen-Qiu-Tian
(SQT) inequality[4]) where m(0) =
∑
ij
〈
sˆ+i sˆ
−
j
〉
/N and
m(Q) =
∑
ij
(−1)i+j
〈
sˆ+i sˆ
−
j
〉
/N (sˆi =
1
2
cˆ†iσcˆi, N is the
total number of the lattice sites). However, the FR order
was seldom studied [3, 5, 7, 8] and the detailed proper-
ties of the FR order in 2D Hubbard model have not been
explored.
The 2D Hubbard Model : Our starting point is the fol-
lowing Hamiltonian
H = −
∑
i,j
tij
(
cˆ†i cˆj + h.c.
)
+ U
∑
i
nˆi↑nˆi↓ − µ
∑
i,σ
cˆ†iσ cˆiσ,
(1)
where cˆi = (cˆi,↑ , cˆi,↓ )
T
with cˆi,σ representing the
fermion annihilation operator at site i. σ =↑, ↓ denote
spin index. For this bipartite lattice, we have two sub-
lattices, A and B. tij is the hopping amplitude. U is the
strength of the repulsive interaction. µ is the chemical
potential which is set to µ = 0 for the half filling case.
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The spectrum symmetry: Firstly, we defined the spec-
trum symmetry. For the Hamiltonian in Eq.(1) with the
spectrum symmetry (S symmetry), the denisty of state
(DOS) ρ(E) is always symmetric via E as ρ(E) = ρ(−E).
As a result, each energy level with positive energyE must
be paired with an energy level with negative energy −E.
To make it clearer, we define an operator of the S sym-
metry as S = P · D where P is the PH transformation
operator P = R · K introduced in Ref.[9, 10] and R is
an operator that leads to cˆi ↔ (−1)icˆi, K is the com-
plex conjugate operator, D is a discrete transformation
operator that commutes with lattice translation opera-
tors Tx,y as, [D, Tx] = [D, Ty] = 0. For a Hamiltonian
with the S symmetry, we have H = −S†HS. Thus, each
energy level |ψ〉 with positive energy E is paired with an
energy level S |ψ〉 with negative energy −E. So, the PH
symmetry is a special case of the S symmetry and for the
case of D = 1, the S symmetry is reduced into the PH
symmetry.
Vacancy-induced zero-modes : We then consider the
case of free Hamiltonian (U = 0) with lattice-defect -
the vacancy by adding a potential on given lattice site
R, HR = −
∑
i,j
tij
(
cˆ†i cˆj + h.c.
)
+ VRcˆ
†
RcˆR. In the uni-
tary limit, the lattice-defect becomes a missing lattice
site that is just a vacancy, on which we have an infinite
on-site potential, i.e., VR →∞. It is pointed out that the
vacancy doesn’t break the S symmetry (HR = −S†HRS).
Due to the S symmetry, there exists a zero energy state
(the so-called zero-mode) |ψ0〉 when we add a vacancy
on A sublattice. For the zero-mode (ZM) |ψ0〉 , we have
|ψ0〉 = S |ψ0〉. We denote the wave-function of the
ZM by ψ0(ri − R) where R is the position of the va-
cancy. When there exists n-vacancy on A sublattice,
n = |NA −NB| zero energy modes will necessarily ap-
pear. In addition, for the case with nearest neighbor
hopping tij = t〈ij〉 (t〈ij〉 is the real or complex near-
est neighbor (NN) hopping parameter), these vacancy-
induced (VI) zero-modes (ZMs) localize only on the B
sublattice and are orthotropic each other.
For some models with S symmetry, the DOS may be fi-
nite at the Fermi level. Except for the VI ZMs, there may
exist additional zero energy states |ψ〉 6= S |ψ〉. However,
the additional zero energy states are not protected by
symmetry and are fragile against perturbations. On the
contrary, since the VI ZMs are protected by S symme-
try (|ψ0〉 = S |ψ0〉), they are fixed precisely at the Fermi
2level, the interaction term is highly relevant. In particu-
lar, arbitrary small (repulsive) interaction will drive the
spin moments of the VI ZMs into an FM ordered state.
Consequently, the ground state of the original Hamilto-
nian turns into a LR FR order.
Ferrimagnetism: Let us show the universal features of
the FR order in the Hubbard model in the small U limit.
For a system with Lx × Ly vacancy-lattice (Lx along
x direction and Ly along y direction), in a unit cell
(UC) there are Lx × Ly/a2 − 1 lattice sites. In gen-
eral, we have Lx × Ly/a2 − 1 magnetic order parame-
ters Mi = 〈cˆ
†
i↑cˆi↑ − cˆ
†
i↓cˆi↓〉/2 to denote the local mag-
netizations on the lattice sites in a UC. To simply
characterize the FR order, we introduce two order pa-
rameters, the total FM moment in a unit cell M =∑
i∈unit-cell〈cˆ
†
i↑cˆi↑ − cˆ
†
i↓cˆi↓〉 and the total AF moment in
a unit cell N =
∑
i∈unit-cell(−1)
i〈cˆ†i↑cˆi↑ − cˆ
†
i↓cˆi↓〉, re-
spectively. One can see that m(0) =
∑
ij
〈
sˆ+i sˆ
−
j
〉
/N =
∑
i
〈
cˆ†i↑cˆi↑ − cˆ
†
i↓cˆi↓
〉
/N = M/(Lx × Ly/a2 − 1) and
m(Q) = N/(Lx × Ly/a2 − 1). We then define the spin
operator of the VI ZM as SˆR(i) =
1
2
ψˆ†0(ri−R)σψˆ0(ri−R)
where ψˆ0 = (cˆ0,↑, cˆ0,↓)
Tψ0 and cˆ0,σ is the particle anni-
hilation operator of the zero-mode with spin σ. When〈
SˆzR
〉
6= 0, the FR order is a direct physics consequence
of the FM order of the spin moments of the different
ZMs. The total FM moment in a UC is given by M =
2
∑
i∈unit-cellMi = 2
∑
R
〈
SˆzR
〉
, and the total AF moment
in a UC isN = 2
∑
i∈unit-cell(−1)
iMi = 2
∑
R
〈
(−1)iSˆzR
〉
.
From above discussion, we already know that there ex-
ists a ZM for each vacancy. In the small U limit, U → 0,
the low energy physics is dominated by these ZMs. Be-
cause the ZMs induced by two different vacancies at R
and R′ are orthotropic each other, when considering the
on-site interaction there exists the Hund rule’s coupling
as −Jeff(R,R′)SˆR · SˆR′ where Jeff(R,R′) > 0 is the effec-
tive FM spin coupling constant. Thus, the low energy ef-
fective Hamiltonian becomes Heff = −
∑
R,R′
Jeff(R,R
′)SˆR ·
SˆR′ , of which the ground state is a long range FM order
denoted by
〈
SˆzR
〉
= 1
2
〈
ψˆ†0,R↑ψˆ0,R↑ − ψˆ
†
0,R↓ψˆ0,R↓
〉
= 1
2
or
M = 1. As a result, the total spin moment of the ground
state must be the total number of spin moments of the
VI ZMs S = 1
2
∑
M that is just the Lieb spin moment
S = |NA−NB|/2. The local magnetizations are given by
Mi →
∑
R
〈
SˆzR(i)
〉
.
For the case with only NN hopping tij = t〈ij〉 in small
U limit, it is obvious that Mi∈A = 0. Thus, we have
N =M = 1.M = N means the ground state is an FM-
AF-balanced FR order. On the contrary, in the strong
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FIG. 1: (Color online) (a) Part of particle density distribution
of VI ZM on a 60a×60a square lattice (a vacancy at the white
spot); (b) The illustration of the uniform FM-AF-balanced
ferrimagnetic order for the Hubbard model on square lattice
and U = 0.01t; (c) The two order parameters; (d) The density
of state for case of Hubbard model on square lattice and U =
t.
coupling limit, U → ∞, the low energy effective Hamil-
tonian turns into the (un-frustrated) Heisenberg model
with vacancy-lattice as Heff = J
∑
〈ij〉
sˆi · sˆj (J →
4t2
U
). The
ground state is characterized by the AF ordered stag-
gered magnetization, M = 2(−1)iMi → 1/2. So, we
have N = 2(Lx × Ly/a2 − 1)M → Lx × Ly/a2 − 1 and
M = 1. The LR FR order is really a defect-diluted AF
order[5, 17].
For case with both NN hopping tij = t〈ij〉 and next
nearest neighbor (NNN) hopping, tij = t〈〈ij〉〉 6= 0, the
situation becomes complex. The VI ZM still exists due
to S symmetry. However, the wave-functions of the ZM
may distribute on both sublattices. As a result, in small
U limit, we haveM = 1 and the total FM moment is also
Lieb spin moment |NA−NB|/2. In the large U limit, the
low energy effective Hamiltonian turns into the frustrated
Heisenberg model, of which the ground state may be not
an AF order.
Example 1 - the Hubbard model on square lattice: For
the Hubbard model on square lattice, the hopping pa-
rameters are t〈ij〉 = t. For this model, the operator of
the S symmetry is S = P . The S symmetry protected
VI ZM is an extended state, of which the wave-function
Ψ0 can be naturally be ψ0,i∈A = 0, ψ0,i∈B =
1
NB
. See
part of the particle density distribution of this ZM on a
60a× 60a square lattice in Fig.1(a).
To check the validity of above discussion, we use the
mean field approach to study the Hubbard model on
square lattice with a vacancy-lattice. The lattice con-
stant of the vacancy-lattice is set to be d = 6a. We
choose 6a × 6a sites to be a UC (6a along x direction
and 6a along y direction). To search the ground state
3with the lowest energy, we need to solve 6 × 6 − 1 = 35
order parameters that denote the local magnetizations
Mi = 〈cˆ
†
i↑cˆi↑ − cˆ
†
i↓cˆi↓〉/2 on 35 lattice sites in a UC.
From the mean field calculation, we find that for the
weak coupling limit, U → 0, the ground state is a uniform
Ferrimagnetic order, Mi∈A = 0, Mi∈B =
1
6×6−1 =
1
35
.
The FR ordered state is illustrated in Fig.1(b). From
Fig.1(c) one can see that the total FM moment in a
UC is indeed a constant, M ≡ 1, which is consistent
to the prediction of Lieb spin moment |NA−NB|/2. On
the other hand, the total AF moment in a UC is also
N = 1. The FM-AF-balance character (M = N or
m(0) = m(Q)) comes from the fact that the VI ZMs
only distribute on one sublattice. With the increasing the
interaction strength, the average magnetizations on the
sites of B sublattice become finite values with an opposite
polarization to those on the sites of A sublattice Mi∈A :
Mi∈A
|Mi∈A|
= − Mi∈B|Mi∈B| 6= 0. Because the amplitudes of Mi on
all lattice sites increase, we have an AF-dominated FR
order with M < N (or m(0) < m(Q)). Now, the SQT
inequality m(0) ≤ m(Q) is satisfied. In the large U limit,
we have a saturated value, N → 35 butM≡ 1. Fig.1(d)
shows the DOS of the FR order, of which there exists an
energy gap. Near the gap, the DOS is enhanced due to
the VI ZMs.
Example 2 - the staggered-flux Hubbard model on
square lattice: Recently, people had realized the photon-
assisted tunneling on optical lattice and then generated
a large effective (staggered) magnetic flux on optical
lattice[11–13]. When two-component fermions with re-
pulsive interaction are put into such optical lattice, one
can get an effective staggered-flux Hubbard model. These
progresses may provide new research platform to learn
the ferrimagnetism. It is easy to change the potential bar-
rier by varying the laser intensities to tune the Hamilto-
nian parameters including the hopping strength (t-term),
the staggered flux (φ) and the particle interaction (U -
term). For this reason, we take the Hubbard model on
square lattice with staggered-flux (SF) as the second ex-
ample, where ti,i±δy = e
i±φt for i ∈ A, ti,i±δx = t for
i ∈ A and ti,i±δy = ti,i±δx = t for i ∈ B. See the illustra-
tion in Fig.2(a). In particular, we only consider the NN
hoppings. For this model, the operator of the S symme-
try is ST = P · T where T is the time-reversal transfor-
mation operator which commutes with lattice translation
operators [T , Tx] = [T , Ty] = 0.
After diagonalization of the Hamiltonian in
momentum space, the energy spectra are ob-
tained as E± = −t [cos(ky − φ) + cos ky ] ±√
t2 [cos(ky − φ)− cos ky ]
2
+ 4t2 cos2 kx. For the case
of φ = 0, the SF disappears and we get a uni-
form Hubbard model on square lattice. In the BZ
kx ∈ (−pi, pi), ky ∈ (−pi, pi), the energy S turns into
E = −2t(cos kx + cos ky). Now the Fermi surface at
half filling has perfect nesting condition. Away from
this case, φ 6= 0, the BZ is reduced into a half one.
The system becomes a semi-metal and also has the
FIG. 2: (Color online) (a) The illustration of the staggered-
flux lattice; (b) The dispersion of the pi/2-flux case: there are
a hole pocket and an electron pocket in a reduced BZ. The
red plane denotes the position of chemical potential.
perfect nesting condition. For the + band, there exists
a hole pocket; For the − band, there exists an electron
pocket. See the illustration in Fig.2(b). The density
of state (DOS) ρ(E) near Fermi surface is reduced
with increasing φ. For the case of pi-flux, the energy S
turns into E± = ±2t
√
cos2 ky + cos2 kx and the electron
pocket and hole pocket shrinks into two Dirac nodes at
K1 = (pi/2, pi/2) and K2 = (pi/2,−pi/2).
Because the SF Hubbard model on bipartite lattices
at half-filling is unstable against antiferromagnetic (AF)
instability, the ground state becomes an insulator with
AF order for the case of finite U . Such AF order is de-
scribed by the following mean field ansatz 〈cˆ†i,σ cˆi,σ〉 =
1
2
(
1 + (−1)iσM
)
where M is the staggered magnetiza-
tion. For the cases of spin up and spin down, we have
σ = +1 and σ = −1, respectively. Then in the mean
field theory, by minimizing the ground state energy in
the reduced Brillouin zone, we could solve the staggered
magnetization. Due to the perfect nesting condition, the
arbitrary small interaction term leads to an AF spin-
density-wave (SDW) order and then the BZ of φ 6= 0,
pi case is reduced into a quarter one. For the pi-flux
case, the DOS near Fermi surface is zero and the crit-
ical point between the semi-metal and AF insulator is
about Uc = 3.11t[14, 15].
For the case of φ 6= 0, the VI ZM is a quasi-localized
state. See the particle density distribution of this ZM
for the case of φ = pi/2 in Fig.3(a). The VI ZMs are
anisotropic due to the rotation-symmetry breaking of the
original Hamiltonian. In the continuum limit, for the
case of φ = pi, the wave function of VI ZM distributes
on B sublattice that has a simple form of ψ0(x, y) ≃
eiK1.r
x+iy
+ e
iK2.r
x−iy [16]. The amplitude of this state decays
with the distance to the vacancy as 1/r. It is needed to
point out that these VI ZMs are all protected by the S
4U/t E/t
FIG. 3: (Color online) (a) Part of particle density distribution
of VI ZM on a 60a×60a square lattice for φ = pi/2 and U = 0;
(b) The illustration of the cluster AF-balanced ferrimagnetic
order for φ = pi/2 and U = 0.001t; (c) The two order param-
eters for φ = pi/2; (d) The density of state for φ = pi/2 and
U = t.
symmetry.
We use the mean field approach to study the Hubbard
model on SF square lattice with a 6a×6a vacancy-lattice.
We focus on the case of φ = pi/2. Now the ground state
is a cluster Ferrimagnetic order for weak coupling case.
The word ”cluster” means that the local magnetic order
parameters Mi is larger near the vacancy but smaller
far from it. See the illustration Fig.3(b). This ”cluster”
behavior obviously is a physical consequence of the quasi-
localized VI ZMs. From Fig.3(c) one can also see that
N → 1, M ≡ 1 (U → 0) and N → 35, M ≡ 1 (U →
∞). From the DOS of the system (Fig.3(d)), one can see
that there exists energy gap of the mid-gap states (zero-
modes) that dominate the low energy physics. All these
features indicate an AF-dominated FR order from the
FM order of spin moments of the quasi-localized ZMs.
From the mean field calculation, for the case of φ = pi,
we find that the quantum phase transition between the
metallic (or semi-metallic) states and the magnetic orders
shifts from U = Uc to U = 0. Arbitrary interaction drives
the system into a long range FR order, which is obviously
induced by the vacancy-lattice. At U ∼ Uc, there is no
true phase transition, instead, a crossover occurs. For
U < Uc, the ground state can be regarded as an FR
order from the FM ordered spin moments of ZMs. Now,
a tiny energy gap opens which is due to the spin polarized
effect of the ZMs. On the other hand, for U > Uc, the
ground state can be regarded as the defect-diluted AF
order, and a big energy gap opens which is just AF-Mott
gap for the double occupied particles on one site.
Example 3 - the spinful Haldane model on square lat-
tice: An interesting issue is the FR order for the case
from a topological insulator with NNN hoppings. Now
we consider the spinful Haldane model on square lat-
U/t E/t
U/t
FIG. 4: (Color online) (a) Part of particle density distribution
of VI ZM for the interacting spinful Haldane model on 60a×
60a square lattice at φ = pi, t′ = 0.1, and U = 0; (b) The
illustration of the cluster FM-balanced ferrimagnetic order
for the interacting spinful Haldane model on square lattice at
φ = pi, t′ = 0.1 and U = 0.001t; (c) The two order parameters
of the case of φ = pi, t′ = 0.1; (d) The density of state of the
interacting spinful Haldane model on square lattice at φ = pi,
t′ = 0.1 and U = t.
tice, of which the Hamiltonian is given by HT = H(φ =
pi) + H(t′) where H(φ = pi) is the Hamiltonian of
the SF Hubbard model on square lattice and t′ is the
NNN hopping. The Hamiltonian has PH symmetry from
HT = −P†HTP . In addition, the free Hamiltonian is a
topological Chern insulator.
We numerically calculated the free Hamiltonian with
a vacancy, and found a (S or PH symmetry protected)
VI ZM on a 60a × 60a lattice[10]. Fig.4(a) shows the
particle density of the ZMs, localized around the defect
center within a length-scale of ∼ (∆E)−1, where ∆E is
the energy gap of the vacancy-free case. In particular,
the wave-function of the ZM distribute not only on B
sublattice but also on A sublattice.
We then use the mean field approach to study the FR
order. From the results given in Fig.4(b), we find that
the ground state is also a cluster FR. In the small U limit,
the average magnetizations on the sites of A sublattice
become finite as Mi∈A|Mi∈A| =
Mi∈B
|Mi∈B|
6= 0. Now, the magnetic
order in A sublattice has the same polarized direction to
that of B sublattice but the value of it is much smaller
to that of B sublattice. The total spin S of the ground
state still obeys the prediction of Lieb spin moment as
|NA − NB|/2. However, we have M > N that mean
m(0) > m(Q). The ground state is an FM-dominated
FR order and the SQT inequality is violent. We conclude
that the violence of SQT inequality for this case is due
to the NNN hoppings.
When we increase the interaction strength, m(0) =
m(Q) at U0. When we further increase the interaction
strength, the ground state turns into an AF-dominated
5FR order with m(0) < m(Q). For larger interaction
strength, a topological quantum phase transition occurs.
The energy gap closes and opens again. The system then
has no nontrivial topological properties and becomes a
defect-diluted AF order.
Conclusion: In this paper, we developed a universal
formula of the ferrimagnetism in the Hubbard model be-
yond Lieb’s theorem by taking into account for the S
symmetry with larger universality than traditional PH
symmetry. Then, by taking three models as exam-
ples, we study the defect-induced FR orders that emerge
from three typical fermionic systems - metal, semi-metal,
(Chern) insulator. We found that there may exist vari-
ous FR orders (uniform FM-AF-balanced FR order, uni-
form AF-dominated FR order, cluster FM-AF-balanced
FR order, cluster AF-dominated FR order, cluster FM-
dominated FR order...). The total spin of all these FR
orders is equal to the Lieb spin moment (|NA −NB|/2).
From the common feature of these FR orders, we con-
jecture that it is the S symmetry protected VI ZMs
(|ψ0〉 = S |ψ0〉) that dominate the low energy physics of
the system in small U limit. However, we found that the
SQT inequality (m(0) ≤ m(Q)) is valid for the model
with only the NN hoppings and can be violent by the
NNN hoppings. In addition, we may point out that the
formula can be straightforwardly applied to other Hub-
bard models on bipartite lattices with S symmetry.
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